We report on recent progress in the study of the evolution of non-Gaussian cumulants of critical fluctuations. We explore the implications of non-equilibrium effects on the search for the QCD critical point.
Introduction
The search for the conjectured QCD critical point has attracted much theoretical and experimental effort. The fluctuations of critical modes scale with the equilibrium correlation length ξ eq and consequently become prominent near the critical point. Since critical fluctuations contribute to the moments of net baryon number fluctuations, these fluctuation observables are considered to be tell tale signs of the presence of the QCD critical point [1, 2] .
Of particular importance are the non-Gaussian skewness and kurtosis cumulants, which are respectively the third and fourth cumulants. They are more sensitive to the growth of the correlation length ξ eq compared with the Gaussian cumulants [3] . Furthermore, even qualitative features of the non-Gaussian cumulants such as a change in sign, and the associated non-monotonicity, can signal the presence of criticality in the QCD phase diagram [4] . The beam energy dependence of those non-Gaussian cumulants have been measured by the STAR experiment; these are discussed in some of the contributions to these proceedings.
However, nature is secretive because the QCD critical point is shielded by non-equilibrium effects: developing a larger correlation length requires a longer time. Universality arguments [5] indicate that the relaxation time of critical modes is divergent. As a result, real time critical fluctuations of QCD matter created in heavy-ion collisions could be significantly different from the corresponding equilibrium values [6] .
In Ref. [7] , we studied the real time evolution of non-Gaussian cumulants in the QCD critical regime and implications thereof on searches for the QCD critical point; we will summarize the principal results here.
Evolution equations
Specifically, in [7] , we derived a set of evolution equations for the cumulants of critical modes. Our approach is schematically summarized below:
We start with a Fokker-Planck equation on the L.H.S of Eq. (1), which describes the relaxation of P(σ; τ) towards equilibrium. Here P(σ; τ) is the probability distribution of the (space averaged) critical mode σ. The proper time τ characterizes a trajectory in the "cross-over" vicinity of the critical regime.L denotes the differential operator acting on P(σ, τ). The relaxation time τ eff ∼ ξ z eq , where z is the dynamical universal exponent; for the QCD critical point, z ≈ 3 [8] . One thereby implements dynamical universality. Since we are interested in the evolutions of cumulants, we translate the Fokker-Planck equation into an (infinite) set of evolution equations for cumulants κ n (τ), n = 1, 2, 3, . . ., see R.H.S of (1). L n [κ 1 , κ 2 , . . . , κ ∞ ; r, h] is a polynomial of κ n with coefficients depend on r, h. It is easy to convince oneself that this set of equations is exact and contains the same amount of information as the original Fokker-Planck equation. However, its practical application is limited since the evolution of the lower cumulants depends on that of the higher cumulants. Our key observation is that in the regime that the equilibrium correlation length ξ eq is much smaller than the size of the system L sys (but still larger than any other microscopic scale l mic ), the evolution of lower cumulants are effectively decoupled from those of higher cumulants. We thus arrive at (2), describing the closed form evolution cumulants [7] .
Results

Universal and non-universal inputs
We wish to apply (2) to study the evolution of cumulants in QCD critical regime. The results depend on both universal and non-universal inputs. Universal inputs include the dependence of the equilibrium distribution on the well known Ising variables r and h and the previously noted scaling form of τ eff ∼ ξ 3 eq . We also need to specify inputs to the evolution that are non-universal. In particular, the mapping between the QCD variables T, µ and r, h is non-universal. We will use the conventional linear mapping relation, i.e. (T − T c ) ∼ h, (µ − µ c ) ∼ r where (T c , µ c ) denotes the location of the critical point in QCD phase diagram. We take simplified yet phenomenologically motivated parametrizations for trajectories passing the critical regime. These include τ I , the proper time at which the system enters into the critical regime. We note the duration of the system in the critical regime is roughly proportional to τ I . We also introduced τ rel , which is τ eff at the boundary of the critical regime. After fixing these parameters, our result will only depend on the dimensionless ratio τ rel /τ I . In other words, the evolution of critical fluctuations will depend on the ratio between the magnitude of the relaxation time and the time it spends in the critical regime.
Evolution along a representative trajectory
We now present our results. It is instructive to first study the evolution of cumulants along a representative trajectory, trajectory A as labelled in Fig. 1 . We introduce a "non-equilibrium correlation length" ξ ≡ √ κ 2 T/V where V is the volume and T is the temperature, skewness S = κ 3 /κ 2/3 2 and kurtosis κ 4 /κ 2 2 . Their evolutions with different τ rel /τ I are summarized in Fig. 1 .
Let us take a look at the impact of critical slowing down on the non-equilibrium correlation length ξ. On the one hand, the effects of critical slowing down delay the growth of the ξ. On the other, the same effects also slow the decay of ξ. For example, away from T c , the non-equilibrium value of ξ can be significantly larger than the equilibrium value. The system remembers it was near the critical point.
Turning to the non-equilibrium evolution of skewness and kurtosis, one observes immediately that they do not necessarily follow the evolution of the corresponding equilibrium cumulants. The differences in both the magnitude and sign are remarkable . This is because the evolution of S and K will not only depend on their deviation from the equilibrium value, but also on the non-equilibrium values of other cumulants. We shall now discuss the implications of non-equilibrium effects for the "Beam energy scan" (BES) program. To mimic the BES, we solved Eq. (2) for all trajectories broadly spanning the critical regime. We will first focus on the signs of the skewness S and kurtosis K; close to equilibrium, we expect that the critical contribution to the skewness is positive and that kurtosis will flip sign when the critical regime is scanned from the cross-over side of the critical regime. In Fig. 2 (left) , we demonstrate what our expectations are for these equilibrium values on the cross-over side of the critical regime.
What do the non-equilibrium skewness S and kurtosis K look like? Fig. 2 demonstrates the deformation of the boundary where the skewness changes sign. With increasing τ real /τ I , the non-equilibrium skewness S becomes negative in a larger portion of the area below the cross-over line. This is a manifestation of the remembrance of things past: the system was passing the regime in which the equilibrium skewness is negative. A similar deformation of the boundary is seen for the kurtosis. Despite this, the non-equilibrium cumulants still feature a sign change from positive to negative along a given freeze-out curve as baryon chemical potential µ is increased (or the beam energy is lowered). Finally, we explore the behavior of cumulants as a function of √ s as the QCD phase diagram is scanned. For this purpose, we convert the µ dependence into the √ s dependence. We must interpret the results presented in Fig. 3 with caution. We do not aim to quantitatively fit data or make detailed predictions for future experiments. Our purpose is to illustrate the complications introduced by non-equilibrium effects in interpreting data. In particular, we show that very similar curves, as a function of √ s, can be obtained by different combinations of freeze-out curves and relaxation times.
Summary
In summary, the most pressing issue in the current search for the QCD critical point are the presence of incontrovertible non-equilibrium effects. We derived a coupled set of equations that describe the nonequilibrium evolution of cumulants of critical fluctuations. We demonstrated that skewness and kurtosis can differ significantly in magnitude as well as in sign from equilibrium expectations. We examined the implications of our study for the critical point search in heavy-ion collisions
